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a  b  s  t  r  a  c  t

This  paper  reports  the  combined  use  of  the  nonparametric  Theil–Sen  (TS)  regression  technique  and  of  the
statistics  of  Lancaster–Quade  (LQ)  concerning  the  linear  regression  parameters  to  solve  typical  analytical
problems,  like  method  comparison,  calculation  of  the  uncertainty  in the  inverse  regression,  determi-
nation  of  the  detection  limit.  The  results  of this  new  approach  are  compared  to  those  obtained  with
appropriate  reference  methods,  using  simulated  and  real  data  sets.  The  nonparametric  Theil–Sen  regres-
eywords:
heil–Sen regression
onparametric confidence region
olerance intervals

sion  technique  appears  a  new  robust  tool  for  the  problems  considered  because  it is  free  from  restrictive
statistical  constraints,  avoids  searching  for  the  error  nature  on  x and  y,  which  may  require  long  analysis
times,  and  it is  easy  to  use.  The  only  drawback  is  that  the  intrinsic  nature  of  the method  may  lead  to  a
possible  enlargement  of  the  uncertainty  interval  of the  discriminated  concentration  and  to  the determi-
nation  of  larger  detection  limits  than  those  obtainable  with  the  commonly  used,  less  robust,  regression
etection limit techniques.

. Introduction

Linear regression is a mathematical procedure commonly used
o determine the concentration of the identified component of
n unknown sample using calibration measurements [1]. Typi-
al problems faced by it in connection with the calibration are:
i) the determination of the detection limit of an instrumental

ethod; (ii) the quantification of the uncertainty of a discrimi-
ated (or predicted) variable in the inverse regression; (iii) the
ethod comparison. Usually the regression coefficients are calcu-

ated by applying the ordinary least-squares (OLS), the parametric
obust iteratively reweighted least-squares (IRLS) in the presence
f outliers [2] or, whenever heteroscedasticity is present in the
ependent variable, the weighted least-squares (WLS). Under the
ypotheses that the independent variable is free of error and that
he errors in the dependent variable are normally distributed, the
oints (i) and (ii) can be satisfactorily solved by the construc-
ion of the prediction band about the calibration line [3,4]. This
pproach also holds when uncertainty is associated to the inde-
endent variable (usually the concentration) but pre-assigned (or
ominal) constant values of this variable are used in replicate mea-
urements in the calibration procedure [5]. Indeed, the effect of the

making up solutions” factor is taken into account through the over-
ll measurement uncertainty at fixed concentration level which is
omprehensive of the contributes of the instrumental and of the

∗ Corresponding author. Tel.: +39 0498275182; fax: +39 0498275175.
E-mail  address: paolo.pastore@unipd.it (P. Pastore).

039-9140/$ – see front matter ©  2011 Elsevier B.V. All rights reserved.
oi:10.1016/j.talanta.2011.09.059
© 2011 Elsevier B.V. All rights reserved.

concentration variances. If certified reference materials are used
as calibration standards and their uncertainty is of the same order
of magnitude of that of the response variable, the bivariate least-
squares (BLS) regression technique is found suitable to calculate
the regression coefficients [6], and to construct both their joint
confidence region [7] and the prediction intervals for the response
[8].

As about the point (iii) the widely used OLS-based procedure
assumes the responses of the reference method as free of error
(x-axis) while y-axis refers to the responses obtained by the new
method. It applies separate or joint statistical tests on the inter-
cept and slope values obtained by linear regression, to evaluate the
significance of the difference from the theoretical values of zero
and unity, respectively. When random errors of the same order of
magnitude are present in the new method and in the reference
one, BLS techniques [8] or the t-paired test procedure [9] may be
successfully applied. Anyway, in assessing the accuracy of analyt-
ical methods, the hypothesis of normality of the data is assumed
or proved to be fulfilled. Lack of Gaussian distribution assumption
occurs when the method comparison is performed on the concen-
trations obtained by calibration from two  experimental procedures
[10,11]. Nonparametric statistics, like the Wilcoxon T-test [9], offers
a remedy since it does not require the knowledge of underlying
probabilistic models.

In  this paper the successful median-based regression procedure

to calculate calibration lines, due to Theil [12] and Sen [13], is the
starting point to solve the three problems considered with a new
unique technique. The non-parametric Theil–Sen approach (TS) is
robust and easy to compute, as widely acknowledged in several
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extbooks on nonparametric statistics [14,15]. Very often the Theil’s
egression method, which collects the slopes of all pairs of points
nd finds the median of these slopes, is applied for zeroing the
ffects of outliers [16,17]. Actually its breakdown point is 29%, i.e.
early one-third of the data can be replaced by contaminants before
he parameters are affected, and its stability is improved using
epeated medians [18], as proposed in the new regression method
eveloped by Siegel [19,20]. The present paper is aimed to become

 unique reference tool for the data treatment in analytical mea-
urements involving regression methods. Its main feature is that
t is free from statistical hypotheses which usually affect the tradi-
ional regression methods used in analytical chemistry. We  develop
he methodology firstly describing the Theil and Sen linear regres-
ion technique combined with the statistical approach of Lancaster
nd Quade (LQ) [21]. The approach allows to compare two  ana-
ytical methods in a nonparametric way. Moreover, two different
pproaches, both based on the knowledge of the joint confidence
egion of the regression coefficients, are described to determine the
ncertainty of the discriminated variable in the inverse regression.
he former approach proposes to construct simultaneous toler-
nce intervals, i.e. for all concentrations, about the TS calibration
ine. Tolerance intervals are constructed instead of the more used
rediction intervals [3] starting from the confidence band of the
alibration line. The calculation of the tolerance intervals repro-
uces the expression for these intervals in the OLS or WLS  theories
22,23]. In those theories the variance of the expected response
alue, properly bounded above, is put together with the confidence
and of the regression line, which in our case accounts for possi-
le errors in both axes. In the latter approach the experimental
onfidence band of the experimental response matches the joint
onfidence band of the calibration line [24]. The simultaneous tol-
rance intervals are also utilized to determine the detection limit
f an analytical method [23,25]. The performance of the TS–LQ
pproach is evaluated at different steps. Firstly, three simulated
ata sets with random errors added via the Monte Carlo method
re used to study the characteristics of the TS–LQ joint confidence
egions. Then, real data sets are considered for method comparison,
or detection limit estimation of a method and for concentration
ncertainty determination in the inverse regression. The results
btained are compared with those based on appropriate, more tra-
itional, regression techniques, chosen among OLS, IRLS, WLS, and
LS, to validate the proposed TS–LQ methodology.

. Methods

.1. Theory of the Theil–Sen regression technique

.1.1. Estimation of the linear regression model parameters
In  the simple linear regression model the responses Yi, i = 1, 2,

 . .,  n, are dependent on Xi through the relationship

i = ˇ0 + ˇ1Xi + εi,

here errors εi are independent identically distributed variables.
he unknown distribution function of εi is assumed to be continu-
us with mean zero.

If  all xi are distinct, the point estimator of the slope ˇ1 proposed

y Theil is the median ˆ̌ 1T of the

(
n
2

)
slopes ( ˆ̌ 1)ij = (yj − yi)/(xj −(

n
)

i), 1 ≤ i < j ≤ n, where
2

= (n(n − 1))/2 [12]. In the presence of

ies among xis, namely in the calibration procedure replication of
easurements at a fixed concentration level, the Theil estimator

f the parameter ˇ1 was extended by Sen (TS) as the median ˆ̌ 1TS
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of the N ≤
(

n
2

)
slopes ( ˆ̌ 1)ij = (yj − yi)/(xj − xi) for which xi /=  xj

[13].
The estimate of the intercept is then calculated as ˆ̌ 0TS =

med{yi − ˆ̌ 1TSxi}, where ‘med’ stands for the median.
The statistical properties of the estimators of the slope ˆ̌ 1T and

ˆ̌ 1TS have been studied in terms of unbiasedness, symmetry of
the distribution, and asymptotic distribution in order to obtain the
corresponding confidence interval [13,18]. In particular, the TS esti-
mator of the slope ˆ̌ 1TS is unbiased and asymptotically normal for
all unknown but continuous distributions of the experimental mea-
surements Yi. These properties still are valid under the assumption
that Xis are random variables [26].

2.1.2.  Joint confidence region for the slope and intercept
A joint confidence region for the linear regression parameters

estimated by the Theil–Sen method may  be obtained based on the
sign of the residuals Yi − ˇ0 − ˇ1Xi, where ˇ0 and ˇ1 are guess val-
ues. The procedure firstly proposed by Lancaster and Quade [21]
was  developed as a nonparametric test for hypotheses concern-
ing the ˇ0 and ˇ1 parameters, simultaneously. It combines the test
which has the power to reject incorrect slopes, based on the statistic
T

T =
∑ ∑

i<jsgn
⌊

(Yi − ˇ1xi − Yj + ˇ1xj)(xi − xj)
⌋

√
N

(
n
2

) , (1)

where  ‘sgn’ is the sign function, with the test based on the sign
statistic

L =
n∑

i=1

1 + sgn(Yi − ˇ0 − ˇ1xi )
2

, (2)

which  detects incorrect intercepts. The sign function, sgn(a),
assumes the value 1, 0, or −1 if a is positive, zero, or negative,
respectively.

Since the Kendall statistic T and the sign statistic L are asymp-
totically normal, the standardized statistics Z1 = (T − �T)/�T and
Z2 = (L − �L)/�L, where � and � have their usual meaning, are used
to compute the statistic C = Z2

1 + Z2
2 , which has an asymptotic chi-

squared distribution with 2 degrees of freedom. For small-sample
(n ≤ 15) the distribution of the statistic C has been reported in the
literature [21].

In  the presence of tied observations, if an (≥2) is the number of
distinct sets in the x-sample, x1, x2, . . .,  xn, and uj is the number of
elements which are all equal in the jth set, the statistic C is given
by [13,21]

C  =
N

(
n
2

)
T2

(1/18){n(n − 1)(2n + 5) −
∑an

j=1uj(uj − 1)(2uj + 5)}

+ (2L − n)2

n
,  (3)

since  �T = 0,

�2
T =

(1/18){n(n − 1)(2n + 5) −
∑an

j=1uj(uj − 1)(2uj + 5)}

N

(
n
) ,
2

�L = n/2, and �2
L = n/4.
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ig. 1. TS–LQ joint confidence region for the slope and intercept of the regression l
alues of the statistic C ≤ 1−˛�2

2. Inset: statistic C values satisfying the condition C ≤

The (1 − ˛)100% confidence region in the plane slope/intercept,
amely the pairs of values of slope and intercept inside the region
hich are jointly compatible with the data at the  ̨ level of signifi-

ance, may  be obtained from the equation C ≤ 1−˛�2
2, where 1−˛�2

2
s the (1 − ˛)100 percentage point of the �2 distribution with 2
egrees of freedom. Fig. 1 shows the TS–LQ joint confidence region
ogether with the isolines characterized by different levels of signif-
cance ˛. The inset shows the set of C points satisfying the condition

 ≤ 1−˛�2
2 versus the slope for fixed values of the intercept.

As usual, the (1 − ˛)100% confidence bands for the regression
ine may  be obtained as a by-product of the construction of the
oint confidence region, determining at each x the minimum value
−
C,1−˛(x) and the maximum value y+

C,1−˛(x) of the y-value set y =
′
0 + ˇ′

1x, where the parameter couple (ˇ′
1, ˇ′

0) lies on the contour
f the confidence region [27]. It is to be outlined that no explicit
quation is available for the limits y±

C,1−˛(x) from the TS–LQ theory
eveloped above, being they numerically computed only.

.2.  Method comparison

When  two methodologies are compared via the linear regres-
ion, the responses in the same units obtained by the two  methods
rom samples at various concentration levels of the analyte should
ive a straight line of theoretically unity slope and zero intercept.
he agreement of the results of the methods is statistically achieved
t a given level of significance if the couple (1, 0) falls into the limits
f the joint confidence region in the plane slope/intercept.

It is well known that, when the parameters of the regression
ine are calculated using unweighted or weighted parametric meth-
ds, this region is an ellipse which has the center at the estimated
egression coefficients ( ˆ̌ 1, ˆ̌ 0) and semiaxes with lengths depend-
ng on the level of confidence chosen and on the residual variance
f the regression [28]. If a nonparametric regression technique is
sed, no equation is available for the joint confidence region and
nly an approximated shape of the region is obtainable, as indicated
bove.

.3. Confidence band based-procedure in inverse regression

Nonparametric confidence bands of the regression line, as pre-

iously constructed, are simultaneous, i.e. for all x, in character. This
eature prompted the calculation of simultaneous tolerance inter-
als in order to face two analytical problems linked to the use of the
nverse regression: (i) determination of the confidence interval for
he isolines from the inner to the outer part of the region are relevant to increasing
2
2 as a function of the slope for various intercept values.

discriminated concentration value [29], and (ii) determination of
the detection limit of an analytical method [23]. The starting point is
the equation of the limits y±

tol,1−˛
(x) of the two-sided simultaneous

tolerance intervals with P% coverage and (1 − ˛)100% confidence,
as developed for OLS regression by Lieberman and Miller [22] in
the homoscedastic case:

y±
tol,1−˛

(x) = ŷ(x) ±

⎧⎨
⎩(2F1−˛/2s2

y/x)
1/2

[
1
n

+ (x − x̄)2∑
(x − x̄)2

]1/2

+N(P)

(
n − 2

˛/2�2
n−2

s2
y/x

)1/2
}

, (4)

where ŷ(x)  = ˆ̌ 0 + ˆ̌ 1X , s2
y/x =

∑
(yi − ŷi)

2/(n − 2) is the variance of

the  residuals, F1−˛/2 is the upper (1 − ˛/2) percentile point of the F-
distribution on 2 and n − 2 degrees of freedom, ˛/2�2

n−2 is the lower
˛/2 percentile point of the �2-distribution with n − 2 degrees of
freedom, and N(P) is the two-sided P percentile point of the unit
normal distribution. This interval will cover the proportion P of
the measurement population with the specified confidence level
(1 − ˛). Since the sum of the first two terms in the right-hand-side
of Eq. (4) represents the limits of the (1 − ˛/2)100% confidence band
about the calibration line, the nonparametric (1 − ˛)100% two-
sided simultaneous tolerance intervals with P% coverage may  be
expressed in the following manner:

y±
tol,1−˛

(x) = y±
C,1−˛/2(x) ± N(P)

(
�

˛/2�2
�

s2

)1/2

, (5)

where  y±
C,1−˛/2(x) are the limits of the (1 − ˛/2)100% confidence

band and � is the number of degrees of freedom of the estimator s2

of the measurement variance �2. It is evident that the latter term in
Eq. (5) implies the widely acceptable hypothesis of normality of the
experimental responses Yi apart from any assumption on errors in
x-axis.

In the homoscedastic case an estimate of the measurement vari-
ance �2 is robustly given by [28]:

s2 =
[

med{|ei − med{ei}|}
0.6745

]2

(6)
where  ei = yi − ˆ̌ 0TS − ˆ̌ 1TSxi.
Eq.  (6) provides a roughly unbiased estimator of the signal vari-

ance �2 if n is large and the errors normally distributed [28]. The
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ig. 2. Graphical determination of the discriminated value x0 and of its confidence
I. The middle line is the TS calibration line; the bounding lines are (A) tolerance f
nterval of y0, individuate the confidence interval of x0.

ormer assumption is satisfied when repeated measurements are
ade at each x, and the latter one is valid in many experimental sit-

ations. The number of degrees of freedom � may  be conservatively
aken equal to n − 2 [30].

When the calibration data are heteroscedastic, the variance
2 must be substituted for by the signal variance relevant to the
oncentration x, obtained by fitting the experimental variances at
arious concentration levels with a variance function. If m mea-
urements are utilized at each concentration x for determining
he variance function, the number of degrees of freedom of the

odelled variances is � = m − 1 − p, where p is the number of the
arameters of the variance model.

.3.1. Uncertainty in the discriminated concentration
The determination of the (1 − ˛)100% confidence limits x−

0 and
+
0 for a discriminated concentration x0 may  be performed graph-
cally, intersecting the (1 − ˛)100% two-sided tolerance intervals,
iven by Eq. (5), with the line y = y0, where y0 is the experimental
esponse of the unknown sample, and projecting the intersections
nto the concentration axis (Fig. 2A). If y0 is the average of k sample
eplicates, the described approach solves graphically the equations:

0 = y+
C,1−˛/2(x−

0 ) + N(P)

(
�

˛/2�2
�

s2

k

)1/2

, (7a)

0 = y−
C,1−˛/2(x+

0 ) − N(P)

(
�

˛/2�2
�

s2

k

)1/2

. (7b)

Since the use of the tolerance interval in the inverse regres-
ion can result too conservative, a valid alternative combines a
1 − ˛/2)100% confidence band of the entire calibration line with

 (1 − ˛/2)100% confidence interval about the sample signal esti-
ated as y0 ± t(1−˛/4,�)(s/

√
k), where y0 is the average of k ≥ 1

ignal replicates and t(1−˛/4,�) is the (1 − �/4)100% value of the t-
istribution for � degrees of freedom [24,29]. When s is the standard
eviation of the k replicates the number of degrees of freedom

 is equal to k − 1, whereas � is n − 2 if s is estimated by Eq. (6).
he confidence interval limits x−

0 and x+
0 about the discriminated

oncentration x0 are obtained graphically by intersecting the sam-
le confidence interval about y0 with the confidence band of the
alibration curve, and projecting the intersection area onto the
oncentration axis, as shown in Fig. 2B.
.3.2. Detection limit
To  calculate the detection limit the use of one-sided simultane-

us tolerance intervals is more appropriate [25]. The (1 − ˛)100%
s x−
0 , x+

0 in correspondence to a response y0 using (A) the Method I, (B) the Method
ns, (B) regression bands. (B) The regression bands, combined with the confidence

one-sided  simultaneous tolerance interval is calculated by the rela-
tionship

y±
tol,1−˛

(x) = y±
C,1−˛(x) ± N(P)

(
�

˛�2
�

s2

)1/2

(8)

where  N(P) is the one-sided P percentile point of the unit normal
distribution. The procedure to obtain the detection limit xD with
type I-error rate  ̨ and type II-error rate  ̌ is similar to that fol-
lowed in the Hubaux–Vos approach [3]. The upper limit y+

tol,1−˛
(0),

that is the limiting value at zero concentration level, represents the
“critical level” in the signal domain according to Currie [31] as using
(1 − ˛)100% confidence 99% coverage tolerance, only one measure-
ment per 100 is allowed to be significant with a false positive rate of
˛%. The projection onto the x-axis of the intersection of the straight
line y = y+

tol,1−˛
(0) with the lower (1 − ˇ)100% one-sided tolerance

band gives the detection limit in the concentration domain [23].

2.4.  Experimental

Three simulated data sets (data set 1–3) were generated using
the Monte Carlo method in order to compare the features of the
joint confidence regions based on TS–LQ, OLS, BLS and WLS  regres-
sion techniques [32]. In all cases the theoretical values of the
regression linear model coefficients were ˇ0 = 0 and ˇ1 = 1 and no
errors were considered in the x-axis. For the subsequent evaluation
of the TS procedure two experimental data sets (data sets 4, 5) were
used.

2.4.1. Data set 1
A  homoscedastic data set was  obtained considering a standard

deviation of 0.001 for y values. Nine x values were consid-
ered within the range 0–0.8, equally spaced and seven replicate
responses were taken on y-axis at each level x.

2.4.2. Data set 2
A  heteroscedastic data set was generated using the linear model

�(x) = 0.001 + 0.1x for the standard deviation of the measurements.

2.4.3. Data set 3

This  data set was  obtained from data set 2 with outliers at level

x = 0.7. The outliers were generated adding to each response a sys-
tematic contribute equal to four times the value of the standard
deviation at x = 0.7.
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Fig. 3. 95% joint confidence region based on TS–LQ, OLS, IRLS, and WLS  methods
for  the simulated data set 1 (A), 2 (B), 3 (C). TS–LQ, wiggly continuous line; OLS,
continuous  line; IRLS, broken line; WLS, dotted line. (�) Theoretical couple (1, 0)
of the parameters of the regression line; estimated couples by TS (©), OLS (�),
IRLS (�), and WLS  (�). Insets: residuals obtained from TS regression technique
f
h

2

t
r
t
w

i

or  the homoscedastic data set 1 (A), the heteroscedastic data set 2 (B), and the
eteroscedastic  with outliers data set 3 (C).

.4.4. Data set 4
Experimental data regarding the analysis of volatile thiols at

race level in wines were used to construct the joint confidence

egions in the application of the TS–LQ and the BLS approaches
o compare the analytical procedures [11,33]. The thiols analyzed
ere: 3-mercaptohexan-1-ol (3-MH); 3-mercaptohexyl acetate
 87 (2011) 180– 188

(3-MHA)  and the methods compared for both analytes were:
purge and trap (P&T), headspace solid phase micro-extraction (HS-
SPME), and solid phase micro-extraction (SPE) all followed by gas
chromatographic–mass-spectrometry analysis (GC–MS).

2.4.5.  Data set 5
The  determination of the confidence interval of an unknown

concentration and of the detection limit was  done using GC–MS
measurements of chloromethane in water in terms of peak area
ratios of chloromethane and of the internal standard (fluoroben-
zene) [4]. The linear calibration model was  used from 0 to 0.4 �g L−1

and the calibration design provided five concentration levels repli-
cated ten times. The experimental data appeared heteroscedastic
in nature.

2.4.6. Weighting functions
The  IRLS regression approach adopted uses iteratively re-

weighted least-squares, with the weight functions of the ith
residual at the jth iteration calculated as [2,20,34]:

w(j)
i

=
{

(1 − r2(j)

i
)
2

for |r(j)
i

| ≤ 1 i  = 1, 2, . . . , n
0 else

,

where r(j)
i

= (yi − ˆ̌ (j)
0 − ˆ̌ (j)

1 xi)/(4.695 · s · [1 − (1/n) − ((xi − x̄)2/
∑

(xi − x̄)2)]
1/2

)

and s is an estimate of the standard deviation of the errors in y-axis
given by Eq. (6).

When  heteroscedasticity is present, the weight factor wi in the
WLS regression is assumed equal to the inverse of the variance s2(xi)
at the concentration level xi.

2.5.  Statistical analysis

The  Cochran test was  used to check the scedasticity of the data
sets considered [28]. The 5% significance level was used for all tests.

2.6. Software availability

The  computations were done using home-made Matlab subrou-
tines (Matlab for Microsoft Windows ver. 7.10, The MathWorks,
Inc., Natick, MA).

3.  Results and discussion

3.1.  Qualitative analysis of the joint confidence regions

Fig. 3 shows the joint confidence regions obtained by applying
the TS–LQ, OLS, IRLS, and WLS, regression techniques to three sim-
ulated data sets. The insets show the residuals obtained with the
TS regression method as a function of the independent variable x,
for illustrating the scedasticity and the presence of outliers in the
considered data set. The TS–LQ confidence region is not exactly an
ellipse but its irregular contour can be fitted by an ellipse. For each
data set the comparison of the confidence regions is done in terms of
shape, area, and position of the ellipses in the plane slope/intercept.
The ellipse shape may  be described by two  factors, the ellipticity E,
i.e. the ratio major axis/minor axis, and of the tilt measured by the
angle �◦ between the major axis and the slope axis. Table 1 shows
the E and �◦ values calculated with the following equations:

E =
(∑

wi(1 − x̄wtag �◦)2 + Dwtag2 �◦∑
w (x̄w + tag �◦)2 + Dw

)1/2

,

�  = 1
2

arctag
2x̄w

1 − x̄2
w − Dw/

∑
wi

,
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Fig. 4. Regression design comparison of P&T, HS-SPME, and SPE methods for sampling two volatile thiols (3-MHA and 3-MH) at trace level in wines for real data set 4 applying
T  the 9
f  95% jo
r

w∑
c
f

T
E
e
r

S–LQ and BLS regression techniques. Continuous lines are calibration function and
unction and the 95% confidence band for the BLS technique. Insets: TS–LQ and BLS
egression approach. (�) Theoretical point (1, 0).

∑ ∑

here wi is the ith weight, x̄w = wixi/ wi, and Dw =

wi(xi − x̄w)2 for the OLS, WLS, and IRLS techniques. In the OLS
ase wi is obviously equal to 1, in the WLS  procedure wi comes
rom the adopted linear model for the standard deviation of the

able 1
llipticity, E, and angle �◦ (expressed in degree unit) between the major axis of the
llipse and the slope axis, relevant to TS–LQ, OLS, IRLS, and WLS  95% joint confidence
egions for the data sets 1–3.

Data set TS–LQ OLS IRLS WLS

E �◦ E �◦ E �◦ E �◦

1 4.5 23 4.5 23 4.5 23 4.6 24
2 4.5 19 4.5 23 4.5 23 19 0.61
3 4.7 19 4.6 23 4.5 23 36 0.14
5% confidence band for the TS–LQ regression method; dotted lines are calibration
int confidence regions, and slope and intercept obtained using TS (©), and BLS (�)

measurements, while in the IRLS approach the weights of the final
iteration were inserted in the formulas for the ellipticity and the tilt.
The E and �◦ values reported for the TS procedure were determined
from the ellipses obtained fitting the contour of the joint confi-
dence regions. For all the three data sets the shape of the TS–LQ
region is quite similar to that of IRLS ellipse, as a consequence
of the robustness of both methods. The WLS  regression method,
apart from the homoscedastic data set 1, which makes coincident
OLS and WLS  confidence ellipses, shows small �◦ values, because
small x̄w values are produced by larger weights at low concentra-
tion levels. The increase of ellipticity is consequence of a better

estimate of the intercept produced by the WLS  regression method,
which gives more importance to the less uncertain data near to zero
concentration. The area of the joint confidence region depends on
the uncertainty of the calibration line [27]. The confidence regions
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Fig. 5. Uncertainty graphical determination of the discriminated concentration value relevant to the signal value y0 = 0.03 using the real data set 5. Figures A and B refer to
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technique is more conservative, as previously shown considering
simulated data, where the areas of the confidence regions obtained
for weighted regression approaches were generally smaller. This

Table 2
Regression-based comparison of three experimental sampling techniques (P&T,
HS-SPME, SPE) of two  analytes (3-MHA, 3-MH) in wines (data set 4). TS and BLS
regression techniques were used to define the 95% joint confidence regions and to
verify whether the theoretical point (1, 0) falls (yes) or does not fall (no) within these
regions.

P&T/SPE P&T/HS-SPME HS-SPME/SPE

Regression 3-MHA
Method
TS  Yes Yes Yes
he  TS regression method (y = 0.008 + 0.142X, R2 = 0.998); figures C and D refer to W
imits x−

0 , x+
0 coming from 95% confidence 99% coverage two-sided simultaneous to

 and D: Mehod II, combination of the 97.5% confidence band of the calibration curv

elevant to the homoscedastic data set 1 with no outliers are quite
imilar (Fig. 3A), whereas data sets 2 and 3 furnish WLS-ellipses
ith small area (see Fig. 3B and C), that indicates a major precision

f the WLS  method for the data sets considered. Further, for data
ets 2 and 3, the TS–LQ and IRLS methods give quite similar areas of
he respective confidence regions and smaller than those obtained
ith the OLS method. Finally, the position of the ellipses, given

y the couple of the estimated parameters ( ˆ̌ 1, ˆ̌ 0) with respect
o the theoretical couple (1, 0), indicates the bias of the regres-
ion method. In particular, the regression methods used furnish
arameter values very close to each other and close to the theo-
etical one for the data sets 1 and 2, except the OLS method in the
ase of heteroscedasticity. For data set 3 the couple (1, 0) falls out
f the OLS joint confidence region, as expected in the presence of
eteroscedasticity and of outliers (Fig. 3C). Moreover, the TS–LQ
ethod appears more robust than the IRLS procedure, whereas the
LS  method is not affected by the presence of anomalous data
ith large uncertainty. This favorable characteristics of the WLS

echnique fails when the outlier responses have low variances.

.2.  Method comparison

Fig.  4 shows the results for the comparisons between couples
f three different sampling methods of two thiols in fifty-two wine
amples. On each graph the coordinates of the points are the con-
entrations obtained from the calibration curves relevant to the
wo sampling techniques compared. Besides to the TS and BLS

egression lines, each figure shows the 95% confidence bands, and,
n the insets, the two 95% joint confidence regions in the plane
lope/intercept, the theoretical couple (1, 0), and the estimated cou-
les of the regression parameters. The TS procedure, suitable to non
gression (y = 0.009 + 0.135X, R2 = 0.997). Figures A and C: Method I, 95% confidence
ce intervals, k = 1 (continuous line) and k = 10 (dotted line) signal replicates. Figures

 the 97.5% confidence interval for the sample signal (k = 1).

normal  x, y values, is compared to the BLS approach, which assumes
normality of the errors in both axes. The validity of the use of BLS
regression technique in method comparison dealing with discrim-
inated concentrations lies on the assumption that these variables
are approximately normal [31]. The variances of the discriminated
concentrations used in the BLS regression were calculated apply-
ing the error propagation [1,4]. Table 2 summarizes the results of
applying the TS–LQ and BLS regression approaches. Both regression
methods give the same results with the exception of the analyte 3-
MHA  when the sampling methods P&T and SPE are compared (see
Fig. 4A and first column of Table 2). In particular, the TS technique
does not detect differences among the discriminated concentra-
tions, whereas BLS does. These results indicate that the former
BLS No  Yes Yes
3-MH

TS Yes No Yes
BLS Yes  No Yes



I. Lavagnini et al. / Talanta 87 (2011) 180– 188 187

Table 3
Discriminated x0 (�g L−1) value, with 95% confidence limits x−

0 (�g L−1) and x+
0 (�g L−1), obtained with TS and WLS  linear regression approaches using Method I and Method

II  for data set 5. The x0 value comes from the single (k = 1) or average (k = 10) value y0 = 0.03. Measurements refer to nominal chloromethane concentration of 0.15 �g L−1.

Method I Method II

k = 1 k = 10 k = 1 k = 10

Regression method x0 (x−
0 , x+

0 ) 

− + − + − +

TS 0.158  (0.070, 0.551) 

WLS  0.155 (0.093, 0.286) 

Table 4
Critical limit xC (�g L−1) and detection limit xD (�g L−1)for data set 5 obtained with
TS  and WLS  linear regression approaches at 95% confidence, 99% coverage, one-sided
tolerance interval.

TS WLS
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xC xD xC xD

0.041 0.130 0.028 0.073

eature gives to the TS technique a smaller resolving power in
ethod comparison.

.3.  Uncertainty in the inverse regression

Fig. 5 shows the graphical determination of the 95% confidence
nterval of a discriminated value x0 for a single or an average
esponse y0 = 0.03 when TS–LQ or WLS  tolerance intervals (Method
) or the alternative method (Method II) are applied to the data
et 5. Table 3 reports the relevant limits x−

0 and x+
0 of the 95%

onfidence interval. The WLS  technique was used to validate the
S–LQ approach in establishing the uncertainty in inverse regres-
ion since the experimental data set 5 fulfilled the hypotheses
equired by the weighted least squares procedure. As expected, the
idth of the confidence intervals of the discriminated concentra-

ion decreases increasing the number k of the unknown sample
eplicates. Asymmetry is present in the confidence intervals and
ethod I yields confidence intervals larger than Method II. More-

ver, the nonparametric regression technique TS–LQ leads to large
onfidence intervals when the Method I is used, but quite similar to
hose obtained with WLS  regression when the alternative Method
I is applied. The conservative character of the TS–LQ methodology
ombined with the tolerance intervals and low number of repli-
ate samples k may  produce very large confidence intervals on the
iscriminated concentration, as shown in Table 3, where an upper

imit appears out of the calibration range on the x-axis.

.4.  Detection limit

Table  4 shows the values of the critical and detection lim-
ts (  ̨ = 0.05,  ̌ = 0.05) based on the tolerance intervals obtained

ith TS–LQ and WLS  regression approaches using the data set 5.
he differences between the values found using TS–LQ and WLS
pproaches may  be easily explained considering the robustness of
he nonparametric method together with the role of the decreasing
ariance at low concentration in the WLS  technique.

. Conclusions

The nonparametric Theil–Sen regression approach, character-
zed by no assumption regarding data statistics, was  applied to
olve three analytical problems, namely, method comparison, esti-
ation of the confidence interval for a concentration obtained
n inverse regression, and determination of the detection limit.
ethod comparison was performed via construction of the joint

onfidence region for the regression coefficients, which may  con-
ain or not the theoretical point defined by unity slope and zero

[
[
[

[

(x0 , x0 ) (x0 , x0 ) (x0 , x0 )
(0.116, 0.220) (0.117, 0.201) (0.137, 0.180)
(0.125, 0.197) (0.116, 0.200) (0.134, 0.179)

intercept.  The joint confidence region obtained from the statistical
Lancaster–Quade methodology appears ellipse-like and therefore
is easily comparable to the ellipses typical of the well known
OLS/WLS/BLS regression techniques. Determination of the concen-
tration uncertainty in the inverse regression was achieved either
using the simultaneous tolerance intervals (Method I) or an alter-
native method (Method II), where the confidence band of the
calibration line matches the confidence interval of the sample sig-
nal. In both methods the presence of errors in both axes x and y
was taken into account to construct the confidence band for the
calibration curve, whereas the assumption of normality in the sig-
nal domain is inserted as added term (Method I) or treated in a
separate way (Method II). The limits of the confidence intervals
using TS–LQ indicate that the Theil–Sen approach, even being of
more general use, furnishes analogous results of the WLS  tech-
nique when heteroscedastic real data sets are considered and the
alternative procedure (Method II) is applied. A larger detection limit
was  obtained for the nonparametric approach owing to the pres-
ence of two  opposite effects in the two  compared methods, namely,
the robustness of the TS procedure, producing an enlargement of
the tolerance interval, and a decreased width of the WLS  tolerance
interval, produced by lower variances at low concentration levels.
Anyway, this drawback does not affect the advantage achieved by
the use of a unique, robust regression technique in quite different
analytical problems.
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